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Surgery and kDepartment of Cell Biology and Physiology, University of Pittsburgh, Pittsburgh, PennsylvaniaABSTRACT Collective cell migration plays an important role during wound healing and embryo development. Although the
exact mechanisms that coordinate such migration are still unknown, experimental studies of moving cell layers have shown
that the primary interactions governing the motion of the layer are the force of lamellipodia, the adhesion of cells to the substrate,
and the adhesion of cells to each other. Here, we derive a two-dimensional continuum mechanical model of cell-layer migration
that is based on a novel assumption of elastic deformation of the layer and incorporates basic mechanical interactions of cells as
well as cell proliferation and apoptosis. The evolution equations are solved numerically using a level set method. The model
successfully reproduces data from two types of experiments: 1), the contraction of an enterocyte cell layer during wound healing;
and 2), the expansion of a radially symmetric colony of MDCK cells, both in the edge migration velocity and in cell-layer density.
In accord with experimental observations, and in contrast to reaction-diffusion models, this model predicts a partial wound
closure if lamellipod formation is inhibited at the wound edge and gives implications of the effect of spatially restricted
proliferation.INTRODUCTIONCell migration at the single-cell level has been studied exten-
sively over many decades (1). In brief, each cell moves by
a cyclic mechanism that proceeds through stages involving
the formation of a lamellipodium, translocation of the
nucleus in the direction of motion, and detachment of the
trailing edge (2,3). This mechanism is regulated by a complex
signaling and regulatory network responsible for the under-
lying processes of actin polymerization and depolymeriza-
tion, motor protein activation, and integrin formation and
release (1).
Friedl and Gilmour (4) reviewed commonly recognized
cellular and molecular mechanisms of collective cell migra-
tion and highlighted the distinction between leader cells
(located at the wound edge) and follower cells (located in
the cell layer) as a typical feature of cell-sheet movement.
Both leader and follower cells are observed to develop
lamellipodia to coordinate collective migration (5). Faroo-
qui and Fenteany (6) studied wound closure in Madin-Darby
canine kidney (MDCK) epithelial cell layers and established
that submarginal cells exhibit protrusive and migratory
behavior similar to that of marginal cells. The general direc-
tion of the coordinated cell movement was toward the
wound and the cell velocity within a sheet was found to
be inversely proportional to the distance from the wound
edge (6). Wound closure was shown to occur even if the
motility of edge cells was inhibited, but it occurred atSubmitted July 9, 2010, and accepted for publication November 16, 2010.
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0006-3495/11/02/0535/9 $2.00a slower rate (5). Vitorino and Meyer (7) studied growth-
factor-induced migration of endothelial cell monolayers
and proposed that the growth factor led to directed migra-
tion of leader cells but did not control cell migration and
coordination of the follower cells.
Mechanically robust and dynamic coupling of cells to one
another and to the substrate is accomplished via adherens
junction proteins, desmosomal proteins, and integrins
(4,8). The cells in the interior are connected to the cells at
the boundary by tight junctions, which prevent separation
of the cells in the layer (9). The level of adhesion between
the cell and the substrate, moderated by integrins, was found
to control the speed of wound closure (10). The effects of
substrate stiffness on cell traction forces were quantified
for epithelial cells and fibroblasts, and it was shown that
cell movement could be modulated by changing the stiffness
of the substrate (11). Trepat et al. (12) found that traction
forces, applied by moving cells on the substrate, were small-
est in the center of a cell colony and largest at the edge of the
colony of cells moving radially outward. They estimated
that tension in the cell layer increased with distance from
the edge of the cell colony and argued that accumulated
traction stresses were balanced by the forces within the
cell sheet; the interplay of these two stresses was described
using a tug-of-war model.
In several studies, a release of tension was observedwithin
the cell layer once a wound was induced (13,14). Block et al.
(14) compared cell-sheet migration in wounds induced by
different methods and hypothesized that the release of spatial
constraints initiates a healing response. However, this
hypothesis is difficult to verify experimentally since it isdoi: 10.1016/j.bpj.2010.11.083
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communication) that may contribute to collective cell
migration.
Various types of models have been used to test some of
these hypotheses and to isolate factors that may direct cell-
sheet migration. For example, Bindschadler and McGrath
(15) used an agent-based model (ABM) to simulate cell
migration in which cells responded to crowded conditions
by decreasing their cell division rates and moving to less
crowded areas. The model predictions were consistent with
experimental rates of closure. Ouaknin and Bar-Yoseph
(16) used the Glazier-Graner-Hogeweg (GGH) model to
simulate the collective movement of cells, taking into
account adhesion energy, deformation energy, and stochastic
behavior of the system. The model results were similar to
experimental behavior obtained by Poujade et al. (17), in
which leader cells progressed faster than the rest of the cell
layer and a fingering morphology emerged. Fozard et al.
(18) developed an ABM for epithelial monolayers and
approximated it by a continuum model in the limit of a large
number of cells. Relating agent-based and continuummodels
may help to estimate model parameters and justify model
assumptions. Fozard et al. (18) assumed that the energy dissi-
pation of individual cells was due to the drag between the cell
and substrate, as well as the internal viscosity of the cells
(which was not accounted for in the model presented here).
Active cell migration and cell division were not included in
their model, and a more complex formulation of cell-cell
and cell-substrate adhesion could provide additional
mechanical insight. The continuum model yielded results
consistent with the ABM for even a moderate number of
cells. Byrne andDrasdo (19) also derived a continuummodel
from their ABM for the growth of cell aggregates on compact
monolayers. Growth was assumed to be governed by contact
inhibition, and cells were assumed to proliferate. The
continuum model agreed with the ABM in the prediction of
initial and asymptotic growth regimes for the radius of the
colony and the cell population size.
Existingcontinuummodels of cellmigration inwoundheal-
ing are also often based on reaction-diffusion formalism in
which the moving edge of a cell layer is represented as a trav-
eling wave of cell concentration. For adult epidermal wound
healing, Sherratt and Murray (20,21) proposed a two-compo-
nentmodel inwhich the epithelial layer is described by the cell
density/unit area, and the time dependence of this density is
related to the concentration of themitosis-regulatingchemical.
For embryonic epidermal wound healing, Sherratt (22) devel-
oped a model involving actin filament network formation,
based on a mechanochemical model for the deformation of
epithelial sheets proposed by Murray and Oster (23). Several
studies have modeled wound healing as a free boundary
problem to account for the influence of physiological electric
fields on wound closure. For example, Gaffney et al. (24)
described the evolution of the free boundary problem for
a system of two reaction-diffusion equations for cell densityBiophysical Journal 100(3) 535–543and chemical stimulus in the context of corneal wound heal-
ing. Chen and Friedman (25) analyzed that model and applied
a similar approach to predicting tumor growth (26). Xue et al.
(27) developed a continuum model of ischemic dermal
wounds with the wound boundary represented as a free
boundary that moves with the velocity of the extracellular
matrix at the wound edge. The model was used to predict
how ischemic conditions may impair wound closure.
We have recently developed a one-dimensional continuum
mechanical model of a migrating cell sheet to study the influ-
ence of lipopolysaccharide (a protein found in the coat of
Gram-negative bacteria) and integrin concentration on
wound closure during experimental necrotizing enterocolitis
(NEC) (28). The model predicts low migration speed at high
and low integrin concentrations and high velocity at medium
concentrations, in agreementwith experimental observations
(10). It also predicts that the edge velocity decreases with
time, in accord with our experimental observations but
contrary to the behavior of reaction-diffusion models.
However, that model is only appropriate to situations in
which the wound has a simple geometry with two long
parallel wound edges.
In this study, we design a two-dimensional model of cell-
layer migration that captures the same primary interactions
driving the motion of the cell sheet, namely, the elastic
coupling between cells in the layer, the adhesion of cells to
the substrate, the force generated by lamellipodia both in the
interior and at the wound edge, and the proliferation of cells
within the layer, but has the additional benefit of being appli-
cable to an arbitrary wound geometry. The cell sheet is repre-
sented as a compressible inviscid fluid, and therefore
individual cells are not distinguishable. The leader and
follower cells are accounted for in an average manner by
including focused traction force applied by the lamellipodia
at the edge of the sheet. The two-dimensional character of
the problem requires us to use Eulerian independent variables.
The physical laws governing the mechanics of the layer then
yield a partial differential equation problem with moving
boundary that is known as the Stefan problem in other contexts
(29,30). The problem is solved numerically using a level set
method, and the basic properties of solutions are analyzed.
The model is calibrated for two scenarios: the closure of
a wound and the expansion of a cell colony. Parameter values
in the model are fit to data from a scratch-wound assay as well
as to data from a cell colony expanding radially outward (12).
Cell proliferation is neglected in wound closure simulations
but is included in colony expansion simulations.THEORY AND METHODS
Mathematical formulation
The cell layer is represented by a two-dimensional compressible fluid, and
its configuration is described by giving the density of cells rðx; y; tÞ as
a function of the spatial coordinates x and y and time t. This differs from
our earlier model (28) which used material coordinates. A relaxed
Continuum Model of Cell Migration 537(unstressed) cell layer is assumed to have a constant density r0. The law of
conservation of cell number,
vr
vt
þ V , ðrvÞ ¼ gðrÞ; (1)
with v ¼ ðvx; vyÞ the velocity of the layer, includes the growth term gðrÞ that
describes the density-dependent net rate of change in the number of cells
within the layer due to proliferation and apoptosis. In this study, we take
gðrÞ ¼ 0 when modeling enterocyte migration experiments and assume
logistic growth gðrÞ ¼ arð1 r=rkÞ when modeling cell-colony expan-
sion, where a is the growth rate and rk is the limiting cell density (15).
In some cases of MDCK-cell-colony migration, the proliferation appears
to be spatially restricted to the site of original location of the cell colony
and does not occur in the newly invaded areas (17). In such cases, the
growth rate a in gðrÞ is defined as a function of ðx; yÞ that is constant at
the original colony location U0 (see Fig. 1) and zero otherwise.
In the law of the balance of linear momentum,
r
vv
vt
þ rðv ,VÞv ¼ f þ V ,T; (2)
the force f accounts for the force of adhesion of the cell layer to the
substrate, and the tensor T represents the stresses within the sheet. (Tradi-
tional body forces, such as gravity or electrostatic force, are expressed as
force/unit density, but that is not necessary for the interactions considered
here.)
The force f is the result of the action exerted on a material element by the
substrate, i.e., the negative of traction force. It is assumed to be negatively
proportional to the layer velocity,
f ¼ bv; (3)
where b is an adhesion constant. The cell layer is assumed to behave as
a compressible inviscid fluid with the constitutive equation
T ¼ pðrÞI; (4)
where p, the pressure within the layer, depends on the cell density and is
taken to be positive when cells are compressed and negative when cells
are stretched.
The acceleration of each individual cell is assumed to be negligible
compared to its velocity, and thus, the material time derivative of the
velocity, rv (i.e., the lefthand side of Eq. 2), can be neglected, which, in
view of Eqs. 3 and 4 gives the following relation between the velocity of
cells and the gradient of cell density:
bv ¼ p0ðrÞVr (5)
Equation 5 resembles the familiar Darcy’s law describing the flow of
a fluid through a porous medium. Substituting the result into Eq. 1 implies
that the evolution of cell density is governed by a nonlinear parabolic
equation:
vr
vt
¼ 1
b
V , ðrp0ðrÞVrÞ þ gðrÞ (6)
We have considered several choices for the dependence of p on r. Unlike
Hooke’s Law, pðrÞ ¼ kð1 ðr0=rÞÞ, or the Ideal Gas Law, pðrÞ ¼
kððr=r0Þ  1Þ, the relation
pðrÞ ¼ k lnðr=r0Þ (7)
gives an appropriate behavior at both large and small densities, since it
allows for an infinite magnitude of stress for both infinite stretch and
compression. Although it is known that any deformation of a cell is accom-
panied by an active remodeling of the cytoskeleton, which results in a visco-
elastic stress-strain response (31), the timescale of the collective motion of
the layer (order of hours) is slow compared to the relaxation time of single-cell deformation, which is of the order of tens of seconds (32). Thus, our
choice of a constitutive equation for T implicitly assumes that the cell layer
responds instantaneously and passively to the forces generated on it, and
that one should treat k as the residual bulk modulus of the layer after cyto-
skeleton relaxation.
The constitutive relation Eq. 7 gives the following form of the governing
Eq. 6:
vr
vt
¼ kDrþ gðrÞ; (8)
where k ¼ k=b. (Note that the appearance of the Laplacian in Eq. 8 is a result
of our choice of the constitutive equation and does not arise from any under-
lying diffusion process or Brownian motion; in particular, k should not be
interpreted as a diffusion coefficient.)
The partial differential equation in Eq. 8 is assumed to hold in the interior
of the domain Ut that describes the extent of the cell sheet at time t, as in
Fig. 1, A or B. The BCs will be defined in terms of the wound-closure
scenario, Fig. 1 A, but it is straightforward to transform the problem into
one describing expansion of a cell colony, as depicted in Fig. 1 B. The initial
domain Ut covered by the cell layer has the topology of an annulus with an
inner boundary vUt1 and an outer boundary vU2 (see Fig. 1 A).
The initial density of the layer depends on the situation studied. For
simulations reported in this study, we have assumed rðx; 0Þ to be constant.
In wound-healing simulations (as in Figs. 2 and 3 below), the initial
density reflects the amount of prestress in the layer generated by lamelli-
pod action in the interior of the sheet when grown to confluence. At rest,
the lamellipodia exert a pressure (force/unit length) F on neighboring cells
and hence, in view of the constitutive equation, rðx; 0Þ ¼ efr0, where
f ¼ F=k. In addition, to avoid a discontinuity at the wound edge,
a smoothing function is applied at a narrow band (1 mm) surrounding
the wound edge. (The form of the smoothing does not significantly affect
model predictions.) In simulations of colony expansion, the initial colony
may be seeded with a small density. For such cases (as in Fig. 4) it is
appropriate to assume that the initial density is equal to the density of
a stretched layer, rðx; 0Þ ¼ efr0.
The conditions at the outer boundary vU2 represent two cases: 1), the
edge of the coverslip region; and 2), the edge of the observable region in
the experiment. In the first case, there is no flux of cells across the boundary,
which leads to the Neumann BC. In the second case, it is assumed that there
is a constant source of cells beyond the boundary capable of maintaining
constant density at the boundary, resulting in the Dirichlet (BC):
Neumann BC : Vr , n ¼ 0 on vU2; (9)
Dirichlet BC: r ¼ efr0 on vU2: (10)
The inner boundary vUt1 represents the wound edge, and, as the notation
suggests, its location depends on time. The lamellipodia at the wound edge
exert a constant force/unit length, F, at the wound edge that is equal in
magnitude to that of cells in the interior, and hence the appropriate
boundary condition is of Dirichlet type
r ¼ efr0 on vUt1: (11)
Anadditional boundary condition describing the speed of themoving edge
is given by Eq. 5, which, in combination with Eqs. 7 and 11, implies that
v ¼ kefr10 Vr on vUt1: (12)
This reduces to the Stefan condition,
v , n ¼ kefr10 Vr , n on vUt1; (13)
where n is the unit outward normal to vUt1 (here pointing into the wound).
The free-boundary problem characterized by Eq. 8 (with g ¼ 0) and BCs
in Eqs. 9–11 and 13 is known as the Stefan problem. The Stefan problemBiophysical Journal 100(3) 535–543
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processes with r representing the temperature and vUt1 the phase boundary.
The Stefan problem has been extensively studied in many contexts: short-
time existence of classical solutions for smooth domains was shown by
Hanzawa (33), and global existence and uniqueness of weak solutions
were shown by Kamenomostskaja (34), Oleinik (35), and Friedman (36).
It is known that negative values of F (opposite of the present case) give
rise to Mullins-Sekerka instability in boundary motion, which leads to
a loss of regularity and fingering (37).
To understand the difference between the behavior of this model and
a much simpler diffusion equation model consisting of Eq. 8 with no free
boundary, consider the case with the Neumann BC applied at vU2 and no
proliferation. In both models the total amount, P, of cells is conserved. If
the area, A, of the region to be covered (which equals U0 plus the area of
the wound) is <P=ðr0efÞ, then the limiting equilibrium state will be the
same in both models: a constant density r ¼ P=A. However, if
A > P=ðr0efÞ, then this model will converge to a state in which the migra-
tion of the edge will stop before the hole is completely closed, because the
equilibrium density in the current model is r0e
f, as determined by the
Dirichlet condition onUt1. The diffusion equation model will predict closure
of the wound no matter what its area, because the diffusion model is in equi-
librium at any constant density. This is clearly unrealistic, as a finite number
of cells cannot cover an arbitrarily large area. A similar issue arises in cell-
colony expansion if proliferation is inhibited.
A careful examination of Eqs. 8–11 and 13 reveals that the model is char-
acterized by two reduced material constants, k and f; a scaling factor, r0;
and, if growth is considered, the growth rate, a. The constant f has dimen-
sionless units, whereas k has the units of length squared over time. In view
of Eqs. 8 and 13, any change in k can be compensated for by a change in the
timescale. The limiting density rk will be assumed equal to r0e
f.
Experimental Setup
The continuum mechanical model of natural cell migration developed in
this study is applied to two sets of experimental data. In the first, which
was obtained in the Hackam Lab at the University of Pittsburgh, small intes-
tinal enterocytes (IEC-6 cells) were cultured on a glass coverslip, grown to
100% confluence, serum-starved for 12 h, and then scraped with a pipette or
cell scraper to create a gap that represents the wound (scratch wound assay).
The slide was mounted on the stage of an IX81 Olympus Livecell (Tokyo,
Japan) inverted microscope warmed to 37C. Fresh medium was continu-
ously perfused across the cells. The enterocyte cell layer is one cell thick,
and the motion and deformation of cells in the layer were captured at 5-min
intervals using differential interference contrast imaging.
For the second case, we use published data of Trepat et al. (12), who studied
themigrationof a colonyofMDCKcells platedon a soft collagen-coatedpoly-
acrylamide gel. The colony was seeded and grown to confluence for 24 h. The
colony expanded radiallywith time, and thegrowthof the colonywas observed
to be insensitive to the stiffness of the underlying substrate.
Optimization of parameter values
A numerical solution of the Stefan problem for a given wound geometry
and parameters f, k, and r0 is found using a level set method introduced
by Osher and Sethian (38) and applied to Stefan problems by Chen et al.
(39), Javierre et al. (40), and others. Please see the Supporting Material
for details of the solution method. Optimal values of f, k, and r0 are found
by minimizing the sum of the mean-squared difference between the exper-
imental and predicted cell-density values and the mean-squared difference
between the experimental and predicted wound-edge positions.
In calibrations of the wound-closure experiment, density data are ex-
tracted from movies of cell migration for wounds of various initial shapes.
The experimental tissue domain is divided into 192 subregions of dimen-
sions 3.125 mm  3.175 mm, and the cell centers (c) within each subregion
are counted. The number of cell centers is divided by the area of the subre-
gion (A) to compute the experimental cell density: rexp ¼ c=A. Experi-Biophysical Journal 100(3) 535–543mental density values are compared with the model-predicted values of
cell density interpolated at the center of each subregion.
The square root of the average of the squares of the differences between
the experimental cell density and model-predicted cell density (rcomp) is
calculated and denoted as rrms:
rrms; j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn
i¼ 1

rexp;i  rcomp;i
2
n
vuut ; (14)
where index i denotes the subregion at which density is computed, n is the
total number of subregions, and index j denotes the hourly time point at
which rrms;j is calculated. Let tend denote the total number of time points
at which density is measured. Summing over all time points gives
zr ¼
Xtend
j¼ 1
rrms; j: (15)
The positions of the wound edge corresponding to 1-h intervals of a given
experiment are extracted from the microscope image by eye, with error ex-
pected to be smaller than one-fifth of the cell width. Approximately 1 point/
5 cells is used to define the edge. To calculate the difference between exper-
imental and computational wound-edge positions, the minimum distance
from every experimental point to every line segment along the computa-
tional wound edge is found at time intervals of 1 h and denoted dmin;j .
The square root of the average of the squares of these minimum distances
is calculated and denoted drms:
drms; j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXm
h¼ 1
d2min; j
m
s
; (16)
where index h denotes the experimental points counted along the edge of
the wound and m is the total number of these points. Summing over all
time points gives
zd ¼
Xtend
j¼ 1
drms; j: (17)
To optimize according to both cell density and wound-edge position, we
minimize the value of z ¼ zr þ zd .
In calibration to MDCK cell migration experiments, we use data for the
density of cells as a function of distance from the leading cell edge and the
radius of the cell colony at 24-h time intervals reported in the supporting
materials of Trepat et al. (12). The model is adapted to allow for logistic
proliferation. Optimized values of f, k, and a are found by minimizing
the mean-squared difference between experimental and computed cell
densities and colony radii. The squared difference of experimental and pre-
dicted colony radii is multiplied by a weighting factor of 108.RESULTS
Enterocyte migration during wound healing
In the scratch-wound assays we performed with IEC-6 cells,
apoptosis is observed to be approximately balanced by
proliferation, and therefore, we assume no net growth in
the layer, i.e., g ¼ 0 in Eq. 8. The computational domain
is taken to be the observed area minus the initial location
of the wound (Fig. 1 A). By fitting the predicted density of
the cell sheet and the wound-edge position with available
data we obtained the following values for the constants of
the model:
FIGURE 1 Computational domain of the moving boundary initial value
problem. (A) Schematic of the tissue layer and scratch wound. The hatched
area (Ut) represents the cell layer, and the white area is a cell-free region.
Two boundaries of Ut are labeled vUt1 (wound edge) and vU
t
2 (exterior
tissue edge). F is the force exerted by cells at the wound edge. (B) Sche-
matic of radially symmetric cell colony (Ut, hatched area). Two boundaries
of Ut are labeled vUt1 (cell-colony edge) and vU
t
2 (outer boundary of
viewing area). F is the force exerted by cells at the colony edge.
Continuum Model of Cell Migration 539f ¼ 0:191; k ¼ 73:33mm2=h; r0 ¼ 0:604cells=mm2
(18)
Fig. 2 shows the predicted locations of two different wound
edges (yellow lines) overlaid on the experimental images.
Black dots denote the experimental wound edge, which is
taken to be the edge of the lamellipodia of boundary cells
and is not easily visible at the resolution shown in the figure.
Fig. 2, A–E and J, shows an example of parameter calibration
for an experimental wound (wound 1). Fig. 2 E gives the rela-
tive difference (Dr) between experimental and model-pre-
dicted cell densities normalized by the initial density, r0,
for wound 1 at time t ¼ 6 h (near full wound closure). The
difference Dr is estimated in 192 subregions of tissue, and
is observed to have a random spatial distribution. The histo-FIGURE 2 Comparison of model predictions (yellow lines) with experimenta
(A–D): Progression of experimental wound 1 at 2-h time intervals (t ¼ 0, 2, 4,
73.33 mm2/h, and r0 ¼ 0.604 cells/mm2 with Dirichlet BCs imposed at the oute
cell density Dr normalized by r0 is shown for wound 1 at t¼ 6 h. (F–I) Progress
the parameter values estimated for wound 1. (J) Histogram of differences in predi
cates the percentage of total grid boxes where Dr takes on a particular value. Thgram in Fig. 2 J shows that the distribution of the magnitude
of Dr is close to normal.
Fig. 2,F–I, shows an example of a validation of the param-
eter fit. Since the conditions and cell types were the same for
experimental wound 2 (Fig. 2 F) as for wound 1, we validate
the fit by predicting the closure of awound of different geom-
etry, depicted in Fig. 2, F–I, using parameter values opti-
mized for wound 1. We found that a single wound-closure
experiment provides a sufficient amount of data for estima-
tion of all parameters in the model and that the prediction
of the model is consistent with experimental results.
In several experimental studies, wound closure has been
observed to occur even if lamellipod formation at the wound
edge is inhibited (5,17). This behavior can be demonstrated
in our continuum mechanical model by regulating the
driving force of boundary lamellipodia (Fig. 3). Under
normal conditions, lamellipodia are assumed to form at
the wound edge, and thus, the initial density at the wound
edge is given by r ¼ r0eF on vU01. To block lamellipodia
formation at the wound edge, we set F ¼ 0 on vU01 (and thus
F ¼ F=k ¼ 0). Thus, when lamellipodia are inhibited on the
edge, the initial density is given by r ¼ r0 on vU01.
If lamellipodia are assumed to form at the edge, the
wound is completely closed in slightly more than 3 h
(Fig. 3 A). If lamellipodia formation at the wound edge is in-
hibited, the closure of the wound proceeds at a much slower
pace (Fig. 3 B), since migration is driven only by the lamel-
lipod formation within the interior of the sheet.
MDCK-cell-colony expansion
Colonies of MDCK cells expand from an initial seed loca-
tion due to migration and proliferation. Trepat et al. (12)
measured the expansion of an MDCK cell colony byl wound closure, represented as the experimental edge (black dotted lines).
and 6 h). Optimized parameter values from wound 1 are f ¼ 0.191, k ¼
r boundary. (E) The difference between model-predicted and experimental
ion of experimental wound 2 at 1-h time intervals (t¼ 0, 1, 2, and 3 h) using
cted and experimental density for wound #1 at t¼ 6 h. The vertical axis indi-
e images are 1344  1024 pixels. Scale bar, 5 mm.
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FIGURE 4 Prediction of cell density in an expanding MDCK colony. (A)
Spatially independent proliferation model. (B) Model with proliferation
limited to the initial colony location. Experimental densities measured by
Trepat et al. (12) at equally spaced time points: t ¼ 24 h (circles), 48 h
(squares), 72 h (triangles), and 96 h (plus signs). Optimal fit parameters
are (A) f ¼ 0.971, k ¼ 5000 mm2/h, a ¼ 0.0580 h1, r0 ¼ 0.004046
cells/mm2 and (B) f ¼ 1.158, k ¼ 13,700mm2/h, a ¼ 0.0913 h1,
and r0 ¼ 0.004876 cells/mm2. The colony is circular with initial radius
787 mm and initial cell density constant (thin solid line). The cell colony
is centered about zero on the horizontal axis, and the distance from the
vertical axis to the edge of each curve corresponds to the average radius
of the colony at each time point.
FIGURE 3 Effect on wound closure of the neutralization of lamellipod
formation at the wound edge. (A) Regular migration, including the force
of lamellipodia at the wound edge as well as in the interior of the cell layer.
(B) Migration with neutralized formation of edge lamellipodia. Initial
wound dimension is 30 mm  15 mm; the evolution is shown for 3 h at
0.5-h intervals. In the case of regular migration (A), the wound closes
completely. Parameters are as in Fig. 2.
540 Arciero et al.recording the cell density as a function of distance from the
leading edge of the cell layer at 24-h time intervals. Since
colony expansion is observed over a much longer time
period than wound closure (96 h versus 6 h), growth of
the layer plays a prominent role and is included explicitly
in Eq. 1 as a logistic term. Poujade et al. (17) observed
that cell proliferation by a colony of MDCK cells occurred
almost exclusively within the band where cells were origi-
nally seeded and not in the area into which the cells had
migrated. They speculate that this is likely due to the longer
presence of cells in the originally seeded region or modifica-
tions made by cells to the underlying substrate that promote
cell divisions (17). In the study by Trepat et al. (12), it is not
known whether the proliferation in the layer was spatially
restricted or not, and therefore we explore both possibilities.
By fitting predicted density of the cell colony with available
data we obtained the following values for the constants of
the model with spatially uniform proliferation,
f ¼ 0:971; k ¼ 5000 mm2=h;a ¼ 0:0580h1;
r0 ¼ 0:004046cells=mm2;
(19)
and with proliferation constrained to the original location of
the colony:
f ¼ 1:158; k ¼ 13700mm2=h;a ¼ 0:0913h1;
r0 ¼ 0:004876 cells=mm2:
(20)
The optimized parameter values are larger for spatially
limited proliferation than for constant proliferation. Compar-
isons of model predictions and available data are shown in
Fig. 4, A and B, for the assumption of spatially uniform prolif-
eration and spatially restricted growth, respectively. As Fig. 4
makes clear, the assumption of spatially limited proliferation
fits the data with much higher accuracy—the density profile
assumes a characteristic bell-shaped curve that increases
more rapidly in height than in width, until the limiting popu-Biophysical Journal 100(3) 535–543lation density rk is reached. The unlimited-growth case
exhibits a parabolic density profile.
Several techniques have been implemented for placing or
removing cells along a specified geometry as an alternative
to scraping. One example is a procedure inwhich amicrosten-
cil with long rectangular openings is deposited on a surface
and cells are plated in the openings and cultured until they
reach confluence (17). At that point, the stencils are removed
and cell migration is observed. We used our model to investi-
gate the migration of cells originating in two long rectangular
regions (Fig. 5). As in Fig. 4, we consider two types of prolif-
eration: a spatially constant proliferation rate (see Fig. 5,A and
B) or spatially restricted proliferation, where growth occurs
only within the original rectangular region of cells (see
Fig. 5, C and D). In Fig. 5, A and C, each rectangular region
is initially 400 mmwide and 2800 mm long, and the rectangles
are located 400 mm from each other. In Fig. 5, B and D, the
position of the rightmost edge of cells is plotted against time
for rectangles of widths 150, 200, 250, 300, 350, and 400
mm. Colony-edge expansion can be fitted by a power law
x  tn, with n ¼ 1:2950:05 for unrestricted growth and
n ¼ 1:0250:02 for spatially restricted growth. Our results
differ from the experimental growth reported by Poujade
et al. (17), which obeys a power law with exponent
n ¼ 1:850:4. The difference between our estimates may be
due to the difference in stiffness of the underlying substrate.DISCUSSION
We present a two-dimensional continuum model of cell-
sheet migration that is based on mechanical principles gov-
erning the motion of the sheet, such as the force of lamelli-
podia, adhesion of cells to the substrate, elasticity of the cell
sheet, and the growth of the layer. This enables one to
compare the predictions of the model directly with
FIGURE 5 Dependence of colony expansion speed on the mode of
proliferation: (A and B) Proliferation rate is assumed constant throughout
the expanding layer. (C and D) Proliferation is spatially restricted to the
initial colony location. In A and C, the initial colony is located in the two
rectangular regions of dimensions 400 mm  2800 mm, and progression
of the colony edge is shown in 5-h increments. In B and D, the location
of the rightmost edge of the colony is plotted for initial rectangles of widths
400 (upper circles), 350, 300, 250, 200, 150, and 100 mm (lowest circles).
Power law fit is indicated by the solid line x¼ atn with n¼ 1.295 0.05 (B)
and n ¼ 1.025 0.02 (D). Parameter values are as in Fig. 4.
Continuum Model of Cell Migration 541mechanical measurements of traction forces and brings the
modeling approach into closer alignment with current
knowledge of cell-sheet dynamics and the latest develop-
ments in cell biomechanics. The model captures the known
quantitative and qualitative features of a migrating cell
layer, including slowed wound closure when edge lamelli-
pod formation is inhibited (6,5). For both wound healing
and cell-colony expansion situations, the calibrated model
accurately predicts the edge velocity and shape and the
density of cells within the layer.
One surprising finding is that the parameters governing
the motion of the layer differ significantly among cell types.
The IEC-6 cells have 10-fold lower f and 100-fold lower k
compared to the MDCK cells. This implies that the ratio of
the lamellipod force to the adhesion coefficient, F/b¼ fk, is
3 orders of magnitude larger for MDCK than for IEC-6
cells. One reason could be that the MDCK cells are much
larger. In the stress-free configuration, one MDCK cell has
a diameter of ~16 mm, whereas an IEC-6 cell in the same
situation has a diameter of ~1.4 mm. It is possible that a large
cell is capable of generating stronger lamellipod forces
while the total adhesion strength of the cell stays constant,
implying that parameter b is smaller for a larger cell than
for a smaller cell.
The nature of the model allows us to estimate only the
ratios of quantities of interest (k represents the ratio of thebulk modulus of layer k to adhesion coefficient b, whereas
f is the ratio of force F exerted by lamellipodia to bulk
modulus k). To obtain true magnitudes of F, b, and k, one
needs to perform an independent measurement of at least
one of these quantities. The most easily measurable quantity
is force. For example, Du Roure et al. (41) measured the force
applied by MDCK cells onto elastomeric microfabricated
pillars and found average traction stresses of 1.6 nN/mm2
within a distance of 2 mm from the edge, corresponding to
F ¼ 3.2 nN/mm. If the cells migrating in the experiments
we study exert a similar force, then the corresponding bulk
modulus k is 2.76 nN/mm and adhesion coefficient b is
0.0002 nNh/mm3.
Although many of the physical assumptions underlying
this model are the same ones used for our one-dimensional
model (28), the model presented here is fundamentally
different. The jump to two dimensions requires new assump-
tions about the fluidity, plasticity, and viscosity of the
medium that are not required in a one-dimensional setting.
In addition, this model is based on a spatial (Eulerian)
description of the problem, and because it includes a free
boundary, it is solved using an advanced numerical method
(i.e., the level-set method) that accounts for a deforming
boundary of the computational domain. Themodel no longer
requires simplifying assumptions about the shape of the
wound, but is applicable to wounds of any size and shape.
It provides a means of investigating how factors such as the
density of the cell layer and boundary conditions of the tissue
domain affect wound closure. Also, the parameter values
governing the model behavior have a different interpretation
in the two-dimensional context. For example, the normal
velocity of the wound edge is regulated by f ¼ F=k, and
since this value increases as the force at the edge of thewound
increases, it thus will affect both the timing and shape of the
wound edge as cells migrate inward.
To describe the migration of a monolayer, some recent
studies (19,18) have used a continuum model built on mech-
anistic principles similar to those of our models; in fact, the
model in Mi et al. (28) can be considered a special instance
of the model presented in Fozard et al. (18). The latter is
focused primarily on the derivation of continuum models
from discrete cell representations, whereas the former
model is presented with the constitutive assumption of cell
density, which was chosen based on agent-based model
results from the same authors. The distinguishing feature
of the model described here is the choice of a constitutive
equation that leads to a classical Stefan problem formulation
with a moving boundary representing the wound edge (or
cell-colony edge). By fitting a large quantity of experi-
mental data in future studies one may obtain an improved
constitutive relation that could provide additional details
about the cell-layer mechanics. The ability of the model to
predict wound-closure times for complex initial wound
geometries, including those that lead to a change in wound
topology, could be of great benefit in medical applications.Biophysical Journal 100(3) 535–543
542 Arciero et al.When applied to a wound-healing scenario, this model
predicts a velocity of wound closure that is consistent
with experimental observations (Fig. 2). This velocity is
high initially, then decreases and remains essentially
constant during the entire healing process. In some experi-
mental situations, there may be a short delay in communi-
cating the initial presence of a wound to the surrounding
cells. In addition, scratching of a monolayer may yield
a transient disruption in the interactions between cells and
the surface (17). These explanations may partially account
for the slight difference between the experimental and pre-
dicted closing rates observed during the initial stages of
closure. In addition, there are differences between experi-
mental and predicted wound shapes and densities that are
due to the randomness of cell motion, which is to be ex-
pected—it is akin to thermal fluctuations in studies of
macromolecular assemblies. Although the optimized
parameters give a satisfactory fit between model predictions
and experimental results, once additional data are available,
the best fit over a larger ensemble of initial geometries in the
two-dimensional case could be computed to determine
optimal values for f, k, and r0.
When applied to a cell-colony scenario, the model
predicts an increase in cell density (and stress) when ap-
proaching the center of the cell colony. A shoulder is
observed in the experimental observations of cell density
at various distances from the colony edge in the study by
Trepat et al. (12). This phenomenon does not show up in
our model prediction; it may be caused by variable condi-
tions at the experimental surface. Again the model predic-
tions should be thought of as averaging over the
inhomogeneities observed experimentally. Our results
suggest that in the experiments of Trepat et al. (12), as in
those of Poujade et al. (17), the cells proliferate only in
the region originally seeded by the cells.
In both scenarios, the model parameters are fit to experi-
mental data that give the position of the edge and the density
of the cell layer. Using these two types of data allows the
model to capture more accurately the details of the
migrating layer. The difference in optimized parameters
for the wound-healing and cell-expansion scenarios is likely
due to the difference in cell type and experimental protocol.
The intestinal epithelial cells were plated on a glass cover-
slip in the wound-healing scenario, whereas canine kidney
epithelial cells were plated on a soft collagen-coated poly-
acrylamide gel. Studies have shown that different substrates
primarily affect cell migration.
As in Poujade et al. (17), this model predicts that the
migration of cells originating within a rectangular region
will be independent of the initial width of the rectangle
(see Fig. 5) provided that the width is>150 mm. If the initial
rectangle is 100 mm, the progression is observed to speed up,
which is in contrast to the findings of Poujade et al. (17). The
difference between our estimates and the results of those
experiments (17) can be contributed to the stiffness of theBiophysical Journal 100(3) 535–543underlying substrate. Specifically, in our experiments, and
in experiments by Trepat et al. (12), a glass coverslip coated
with fibronectin was used, whereas Poujade et al. (17) used
soft polyacrylamide gel.
In contrast to agent-based models, which aim to include
several individual cell behaviors and processes, the biophys-
ical model presented here subsumes the details of the chem-
ical regulation of cell migration into three parameters, f, k,
and a, representing ratios of three physical constants and the
proliferation rate. The advantage of this approach is that the
parameters can be fit easily and with good accuracy even
from a limited amount of experimental data. It is important
to point out that after calibration, the model can be used to
elucidate the influence of experimental conditions or gene
knockouts on the mechanical interactions governing the
migration of the cell layer, namely, the strength of lamelli-
pod force, strength of adhesion, and the elasticity of the
sheet. The use of a continuum model is appropriate as
long as the characteristic length of the wound is several
times larger than the size of a cell (42). Likewise, any
geometrical features of the wound edge can be accounted
for in the continuum model provided that the wavelength
(mean size) of such features is several times larger than
the cell size. Once the wound approaches the closure point,
discrepancies between continuum model prediction and
reality may arise. We plan to investigate such discrepancies
using agent-based models.SUPPORTING MATERIAL
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